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INTRODUCTION 
Valence-bond theory (or the Reitler-London-Slater-Pauling 
theory) has been extensively applied to planar molecules and to 
non.resonating nonplanar structures. 1 Recently, Mullaney made use of 
symmetry in P?lyhedral structures to determine how the spin-state 
functions may combine. 
This spin-state approach was applied to square, hexagon, tetra­
hedron, octahedron, and cubic configurations. The calculations 
indicated no bonding in the cube, octahedron, and tetrahedron; yet 
such configurations exist in nature. In arriving at the ground state 
energies for the various geometries, Mullaney assumed that a valance 
electron is associated with each atom. Multiple-exchange and transfer 
integrals were neglected. 
This thesis will investigate the methods and effects of including 
additional orbitals, electron transfer, and multiple exchange in the 
tetrahedron. The electron-transfer process is shown to be responsible 
,for the bonding in this structure. The results are applied to the 
B4c14 molecule. 
Some of the energy levels for the cube were not determ..tned in 
Mullaney's thesis. All pertinent expressions are given as a section 
of this thesis. 
1




From the valence orbitals of a molecule, one can generally 
construct quite a few distinct structures. In general, all of these 
contribute to the ground state and to excited states of the molecule. 
Writers
2 
speak of the system resonating among these various structures. 
Each valence-bond structure is described by a function, 
¢ 
.• l 
The functions superpose linearly to give an approximation to the 
eigenfunction for the system. 
Coefficient a. gives the square root of the probability that the 
l 




According to the variation principle, the a's are chosen to make 
the energy, E, an extremum3 • This theorem leads to the secular 
equation 
= 0 (2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
2
L. Pauling, The Nature of the Chemical Bond (New York:Cornell 
U�.iversity Press, 1960), pp. 184. 
3G. H. Duffey, Physical Chemistry (New York:�cGraw-Hill Book 
Co., Inc., 1962), pp. 1D4-166. 
The symbols are 9-efined by the equations 
H .. = ('Y;HY:.d '( 
J.J j J. J 
S .. = fr_:y-.d 'i J.J �· l J 




The n  values of E, the solutions of the secular equation, yield 
the first n energy levels. 
4 
Spin State Wavefunctions 
To satisfy the Pauli exclusion principle, the eigenfunction 
must be antisymmetric with respect to the exchange of any two valence 
electrons. This requirement is met by writing each constituent ¢. 
as a Slater determinant
4 
of the valence orbitals. 




i - ./nf . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
( acx) (bcx.) ( c�) • • • ( noc) 




is a normalization constant; a, b, •• • are valence orbitals 
for the respective atoms; oc and� are the two possible spin eigen-
functions of the valence electron; while numbers· 1, 2, . . .  represent 
electron 1, electron 2, etc. This determinant �ay· also be written as 
¢i = fn-r L (-l)PP(ao:)1 (boc)2 • •• (no:.)n (6) 
Pis the operator that permutes the electrons among the various 
valence orbitals. 
4R. Daudel, R. Lefebvre and C. Moser, Quantum Chemistry (New 
York: Interscience Publishers, Inc.), pp. 99. 
5 
Coulson5, Z�ner
6, Hartree7, and Slater8 were among the first to 
formulate suitable atomic-orbital expressions. The most comn1only 




(e,¢) is a spherical harmonic, and R
n1(
r) is the radial 





the first Bohr radius, cf
n 
a parameter (n being the principal 
quantum number) given by o1 = o2 = cr3 = O; cf4 = 0. 3; 65 = 1. 0; 
Z-S d6 = 1. 8 , u
n 
another parameter where un = n-on' Z the actual nuclear 
charge, and Sa screening constant. This screening constant is a 
sum of contributions determined by the electrons in the atom. These 
contributions are calculated by first arranging the electron shells 
into the sets ls; 2s, 2p; 3s,3p; 4s,4p; 4d,4f; 5s,5p,5d; etc. In­
dividual contributions to S are then evaluated by the following rules: 
5
R. Daudel, R. Lefebvre,_ and C. Moser, .2.£.!_ cit., pp. 410 •. 
6c. Zener, Phys. Rev. , 36, 51 (1930) • 
. 
7H. Eyring, J. Walter, and G. Kimball, Quantum Chemistry (New 
Xork: John Wiley and Sons, Inc., 1944), pp. 164. 
8 
J. C. Slater, Phys. Rev. , 36, 57 (1930). 
6 
(a) Each electron in the same set as the electron in question 
contributes .J5; if this set is the ls set, the amount is .JO. 
(b) If the electron is in an s or p shell, each electron in the n-1 
set contributes . 85. 
(c) If the electron is in an s or p shell, all other inner group 
electrons contribute 1.00. 
(d) If the electron is in a shell other than s or p, all inner group 
electrons contribute 1. 00. 
After settin� up the Slater determinants, one combines those 
· with th� same spin projections9 • Now when S acts on a Slater 
determinant, the result is (noc - np) t11 • Here noc and np are the 
number of columns in the determinant having spin cc and spin f3 , 
respectively. 
The original method of forming a total wavefunction was to 
assign to each pair of atoms ab, ac, etc. a function <'a.b
(k), where 
k represents the k
th determinant of a selected Sz eigenvalue group. 
6a_b(k) would h
ave the value of plus one if 'a' has a spin of oc and 
'b' has a spin of�• Jab
(k) was equal to minus one if 'a' has a 
spin of� and 'b' has a spin of oc. 6ab(
k) was equal to zero if a 
and b had the same spin. 
The total wavefunction corresponding to a selected set of bonds, 
say a-b c-d e-f g-h, then has the form 
9H. Eyring and G. E. Kimball, J. Chem. Phys., .1, 240 (1933) • . 
(9) 
Some f's generated by this method were linear combinations of other 
'Y's. Only the "f's which formed an independent set needed to be 
retained. 
The selection of the Y's for an independent set was performed 
7 
b th f R d. 
lO - Th t d .  · y e use o umer iagrams • e a oms were arrange in a circle 
(without correlation to the geometry of the molecule), and bonds were 
drawn between pairs of atoms in such a way that no bonds cross. This 
was done for each possible bond arrangement. Each diagram was 
associated with an eigenfunction, "{'"(depending on the bonds present in 
the diagram); these Y's formed the independent set. Linear com­
binations of these eigenfunctions resulted in diagrams with crossed 
bonds. 
This method of determining the total wavefunction is appropriate 
for planar molecules, not for polyhedral str·uctures11 • Mullaney' s 
spin state approach to developing the total wavefunction includes 
.consideration of the molecular geometry. This thesis will utilize 
Mullaney's spin state approach (described in another chapter) for 
wavefunction formation. 
One now applies the s2 operator to these various eigenfunctions. 
The operator, s
2
, is of the form: 
lOA. L. Sklar, J. Chem. Phys., 5, 669 (1937). 
11




= (S + iS) 
X y (S - iS ) X y +-
h
- S + s
2 
27{ z. z (10) 
The various operations are 
(S + iS )Lt(l) X y 











( 271 )tB (l) 
(S - iS )B(l) = 0 
X y 1 
(11) 
The f's are now grouped according to their s
2 
eigenvalues. Each set 
contains the wavefunctions composed of a certain number of bonds. 
One uses the Ts to form the secular equation for the various 
energy levels. In general, the large secular determinant may be 
reduced to several determinants of smalier order. Two theorems of 
quantum mechanics
12 
aid in this reduction. 
The first theorem states that two operators commute �hen they 
generate a common complete set of eigenfunctions. 













The various 1/''s are eigenfunctions of the Sz and S operators • . 
It is basic to quantum mechanics that the state f unction of a system 
12
H. Eyring, J. Walter, and G., Ki
m
ball, .£E!.. cit., pp. 36-37. 
is an eigenfunctton of the Hamiltonian operator, !f. By the first 
theorem H commutes with both S and s2 • By the second theorem, the - z 
'\f's may be segregated into sets where each eigenvalue of S is 
z 
9 
paired with each value of S .  A secular equation may then be formed 
for each separate set. 
Electron Transfer 
The original valence-bond method for determining molecular 
energy levels considers one electron and only one electron in each 
-orbital. The electron-electron repulsion is thus overemphasized. 
One would expect a better solution if electron-transfer states were 
included in the calculations. 
First, one constructs an approximate wavefunction from the 
Slater determinants without electron transfer as in equation (6) • 
. Next, electron transfer is considered. As an _example, the electron 
that was in the c orbital moves into the b orbital leaving the c 
orbital empty. The spin state is then 
10 
(n(() n (12) 
In the wavefunction of an electron transfer spin state, any certain 
orbital may appear once, twice, or not at all. If it appears twice 
it must have an� spin in one appearance and aµ spin in the other13. 
· One forms the complete function £or any certain preselected 
electron transfer by substituting into the original wave equation 
the results of the electron transfer. If the transfer has been an 
electron from orbital c to orbital b, for example, any spin states 
where orbital b and c have the same spin would be set to zero since 
like spins cannot appear together in the same orbital. If the 
difference between two spin functions is only the spins in orbitals 
l
3M. Simonetta and V. Schomaker, J. Chem. Phys. , 19, 649 (1951). 
� b and c, then upon electron transfer one spin function becomes the 
14 
negative of the other • 
11 
Once the total electron transfer wavefunctions have been formed, 
they may be segregated according to their s
2 
eigenvalues. Mixing 
those eigenfunctions of a certain eigenvalue �ith the ordinary spin 
state eigenfunctions of the same eigenvalue gives a better description 
. of the system. 
14
R. C. Mullaney, .2.I?.!_ cit. , pp. J8-J9. 
Group Theory and·the Spin State Approach 
Group -theory enabies one to exploit any symmetry present and 
simplify the quantum mechanical calculations. 
12 
Here the pertinent groups are sets of symmetry operations that 
leave molecules unchanged. Since these do not affect the Hamiltonian, 
the elements P
R 
do comnrute with H: 
(13) 
The various spin state configurations serve as bases for re­
ducible representations of the group. Each reducible representation 
uses a unique set of spin state configurations. The various spin 
states in such a set are referred to as partner functions. 
Each reducible representation consists of irreducible represen­










. J R J . 
(14) 
·X(R) and X.(R) are the characters of the
.
reducible and irreducible 
J 
representations respectively, h is the order of the group, and R is 
any operation of the group. 
. h. ,16 
Letting the 'basis function generating mac ine , 
. 
l5M. Tinkham., Group Theory and QuantUID Mechanics (New York: 
McGraw-Hill. Book Co. , 1964), pp. 30. 
16
A. Strei·�vieser, Molecular Orbital Theory (New York: John 
Wiley and Sons, Inc. , 1961), PP• 80-81. 
'f. =L XR(R¢.) 
R l 
act on a spin state function yields a term in the basis :for an 
irreducible representation. If the irreducible representation 
13 
(15) 
occurs but once this is a basis function. If it occurs more than 
once, then several of the terms produced by equation (15) may be 
linearly combined to yield a basis function. One may ge�erate more 
basis functions than necessary. The needed number equals the repre­
sentation's degeneracy times the number of times the certain irre­
ducible representation appears in the reducible representation. · 
Examining these various basis functions will show -that some are 
linear combinations of others. One retains the independent functions . 
In general, these independent irreducible-representation basis 
functions are not eigenfunctions of s
2
, (unless only one basis func­
tion for an irreducible representation exists). But linear combi­
nations of the basis functions within: each irreducible represen­
tation are eigenfunctions of s2• In formulating the correct linear 
,combinations, one seeks those belonging_ to distinct ·rows of the 
repres entation. These meet two conditions
17 • They are mutually 
orthogonal • . The ones belonging to a given row exhibit corresponding 
nodal planes. 
A linear combination 
(16) 
1
7D p 01 M s Thesis, South Dakota State University, 
1963. • • sen, �•_::;:.:.•__;;,�--
219 O 19 
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that is an eigenfunction of s2 satisfies the equation 
2 n 2 s r = L s a. r. 
i=l 
l l (17) 
where s
2 
is the eigenvalue. But operating on any of the basis func­
tions with s2 gives a linear combination of basis functions: 
=L b . . lf. 
j-1 lJ J 
(18) 
From equation (16) one has 
2 
n 2· 
S i'= L a.S lf'. = 
i=l 
l l L b .. lf. = j=l lJ J j=l 
L_a.b . . 4J. 
i=l 
l lJ J (19) 
In equation (17) one may change the i indices for j indices, since 





Ls a.r. = L 
j=l J J j=l 
2 
n 
sa. =L a.b .. 
J i=l 
l lJ 
[_ a.b .. lfl. 
i=l 




The b .. 's are obtained by operations (18), and the s are ob­
lJ 
tained by ch;ice. 
Determinant algebra is employed to discover if the desired s
2 
2 
value exists and what a. 's must be used to get this s value. 
1 
If several s2 symmetry functions are created with the same 
14 
eigenvalue, these eigenfunctions need to be orthogonal to each other. 
If they are not orthogonal, linear combinations vtlll be orthogonal. 
15 
Evaluation of Integrals 
The elements of the secular equation contain the integrals 
�YH�.di' and Sr. 'V_.dr. Since the lf' s are normalized orthogonal func-
i J l J 
tions, the overlap integral is 
Sr� r.dt = c£. 
J_ J J.J 
where &. . is the Kronecker delta- . 
J.J 
(22) 
The lf' s are expressed as sums of ¢' s by equation (1). So the 
integrals 
(23) 
- become a sum of integrals of the form 
(24). 
When equation (6) is substituted into integral (24), a typical result 
is 
Each possible permutation of electron coordinates leaves.the 
integral of a term of the first sum times H acting on the second one 
unchanged because the permutation merely rearranges integration 
variables. So one may apply the sum of permutations 2J(-l)
l-' Py ) -l 
with no effect. But this operator cancels the first permutation 
operator in the integral 
(26) 
16 
while changing the second operator to another one. Let 
(27) 
Integral (25) now becomes 
(28) 
Since the spin functions are orthogonal, all terms vanish except 
where the spins match identically. When both atomic and spin func­
tions match identically, the integral is referred to as a coulombic 
.integral (usually designated by the letter Q). When spin functions 
match with interchanged atomic functions, the integral is referred to 
as an exchange integral (usually designated by a pair of letters or a 
single Greek letter). 
A number of methods for the numerical evaluation of these in­
tegrals exist. The method utilized in this thesis was used by 
18 
d . l 19, 20 Schug ; similar methods have been use previous y • This method 
is readily adaptable to multiple exchange and transfer integrals with 
a minimum of computation. 
One has to evaluate integrals of the form 
(29) 
18
J. c. Schug, J. Chem. Phys., 42, 2549 (1965). 
19
R. F. Fenske and C. c. ST,rneney, Inorg. Chem., 3, 1105 (1964). 
20
M. Wolfs berg and L. Helmholz, J. Chem. Phys., 20, 837 (1952). 
As an approximation, the Hamiltonian can be written as a sum of 
Hamiltonians, each depending on coordinates of one electron: 
17 
(30) 
This approximation averages over the electron-electron interactions; 
correlation effects are neglected. Equation (29) then reduces to 
� ( u, v) = ( a ( 1) H1 a ( 1) ) ( 
b ( 2) •• • I b ( 2) • • • ) + K u V u V 
( b(2) I H21 
b(2) ) ( a(l) c(3) ••• I a(l) c(.3) + ••• ) + • • • (31) U V U U V V 
In the same approximation, the atomic orbitals X satisfy the 
a 
equation 
H� = Ex-a a 
Multiplying from the left by)C* and integrating yields a 
(32) 
<.x:*Hx > = E (33) 
a a a 




ionization energy. If one had multiplied through byX� instead, the 




= E S 
a ab 
(34) 
21J. c. Slater, Quantum Theory of Molecules and Solids, Volume I 
(New York: McGraw-Hill Book Co., 1963), PP• 96. 
22
R. Daudei, R. Lefebvre, and C. Moser, .2.E.!. cit., PP• 471. 
. .  




a(l)uc(3)u • •• fa(l)v
c(3)v •• •  ) + 
= Ea(�(l)u
b (2)u ••• fa(
l)v
b(2)v ••• ) + 
R (a(l) b(2) • •• la(l) b(2) • •• ) + • • • -b U U V V 
= (Ea + ¾ + • . •) (a(l) b (2) •• • I a(l) b (2) U U V V . . .  ) . . .  
Factor K
k
(u, v) represents the negative sum of the valence state 
ionization energies and is 
Kk(u, v) = ½ [ W(u) at + W(v) at]. 
where W(i)at 
is the negative sum of the valence state ionization 




23 describes the valence state as "an atom state chosen 
so as to have as nearly as possible the same condition of interaction 
of the atom's electrons with one another as when the atom is part of 
a molecule". 
The valence state ionization �nergy (VSIE or Iv) is the energy 
necessary to remove an electron from the valence state. The VSIE is 
given by24 
23R. s. Mulliken, J. Chem. Phys. ?  2, 790 (1934). 
24 · 6 J. Hinze and H. H. Jaffe, J. Am. Chem. Soc., 84, 542 (19 2). 
+ I
v
= I + P - P g 0 (37) 
I ,  the atom's ground state ionization energy, is the energy 
g 
19 
needed to raise the valence state atom from its ground state to the 
ground state of the ion. If the atom is in a configuration other than 
its ground state, extra energy above the atom's ground state energy 
�ill be present.· This extra energy is referred to as valence state 
promotion energy (P ). P reduces the amount of energy that must be 
0 0 
added to ionize the atom. Upon ionization, the ion may be in an energy 
level above the ion's ground state energy level. This extra energy is 
+ 
termed the positive ion's valence state promotion energy (P ) and 
represents an increase in the energy added for ionization. 
There usually exists several energy levels for a given atom_ config­
uration. The promotion energy is the average of these levels where 
the averaging is performed by the 'J-file sum rule•
25 • Each level is 
26 
weighted by the factor 2J+l and then averaged • J is the total angu-
lar momentum quantum number for the energy level in question • 
. Tables
27 , 28 exist for some of the more common valence state ioni­
�ation and promotion energies. Data for the evaluation of these tables 
�ere obtained from Moore's tables of atomic energy levels
29• 
25
E. Condon and G. Shortley, The Theory of Atomic Spectra (Cam-
bridge: University Press, 1957), PP• 248. 
26
R. Oakland, M.S. Thesis, South Dakota State Universit
y, 1966. 
2
7J. Hinze and H. H. Jaffe, .2.E!., cit., PP• 540. 
28
J H' d }I H J ffe J. Phys. Chem., 67, l_ 501
 (1963). • _inze an " • a _, _ 
29c. Moore, Atomic Energy Levels� Natl. Bur. Std. Circ. N
o. �-07. 
Sk, from equation (35), is the product of overlap integrals. 
s
k 
= �(1) I a(l) )(b(2) lb(2) ) ••• 
U V U V 
(38) 
20 
In general, the overlap integral between two orbitals is neither 
zero for unlike orbitals nor one for like orbitals where each orbital 
is on a different atom. 
For,example, assume the 2p orbital on each of two atoms makes an 
angle 8 with the line joining the two atoms. The 2p orbital may be 
vectorially divided into components, parallel (2p6) and perpendicular 
(2p'11) to the line joining the two atoms. Thus the 2p orbital becomes 
· 2p = cos9 (2p6) + sin9 (2p71) 
The overlap integral now becomes 
S(2p,2p) = cos
2e S(2po,2p6) + sin
2e S(2p�, 2p�) + 
2 
2sinG cos9 S(2po, 2prr) = cos e S(2p6, 2p6) + 
sin
2e S(2p1T, 2p11') 
(39) 
(40) 
One only needs to have the integral in the form of equation (40) since 
tables3
0 
have been calculated for the more common Slater atomic­
orbital overlap integrals. 
JOR. s. Mulliken, c. A. Rieke, D. Orloff, and H. Orloff, J. Chem. 
Phys. , 17, 1259 (1949). 
Four Electron, Tetrahedral Pr6blem 
To be considered here is a tetrahedral network molecule 
belonging to the Td group. The various spin states ,  which are used 
as  bases for its reducible representations , are eithe r simply co­
valent ( all atomic orbitals being singly occupied) or singly-polar 
( one atomic orbital being doubly occupied and one e mpty). Doubly­
polar structures are not considered since the probability of such a 
structure · occurring s hould be much less  than the probability of a 
singly-polar structure. 
21 
Pos sible spin s tates with S =O appear in table 1. Note that two z 
e lectrons occupying the same orbital have opposite s pins . In the 
doubly occupie d orbitals,  the spin with a bar ove r it identifies the 
electron that was the original occupant of the orbital. 
One constructs the various spin state configurations by 
distributing the � s and p ' s among the pos sible positions as in 
figure 1. The configurations are separated into sets whose membe rs 
trans form among themselves -under the group operations . These three 
sets are the three reduci!Jle representations labeled r;__, r;, and G• 
One dete rmines the content of each reducible representation in 
the conventional manner with the results : 
G = A 1 + E + T1 
G = A  + A2 + 2E + JT + JT2 1 1 





















20  a 
21 8 
2 2  B 
23 0. 
24 a 
2 5  B 
26 8-.. 
27 a S 
Table · l .  A Spin State Table for Four Electrons 
b C d a b 
Ct s s 28 a.B 
B e a 29 et$ 
s Cl 8 30 aB 
s Cl Ct 31 Cl s 
a Cl s 32  Cl B 
Cl B Ct 33  s Ct 
Cl 8 as 34 B ct 
a B a B 3 5 Cl ciS 
B a as 36  a as 
B Cl_ aB 37  8 a s 
a as B 3 8  e as 
a a§ B 3 9  ci S Cl 
B a.S Cl 40  o:B a 
s_ ciS Cl 41 ciS 8 
o: B  a B 42 o:B  B 
aS 0: B 4 3  Cl s 
o:B  B 0: 44 a B 
as B Cl 4 5  s Ci 
a a.8 46  s a 
B ciS 4 7  a a(3 
a as 4 8  a as 
Cl as 4 9 . B ci B 
o:S B 50  8 a.$ 
ciS B - 51 aB a 
a.B CJ. 52  aB Ct 
ciS Cl 53 as B 
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Figure 1. Four-electron functions on tet
rahedral model. 
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Figure. 1 c ontinued . 
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Figure 1 -continued . 
a 
25 
The partner . functions that are bases for the various reducible 
representations are as follows: 
¢ . '  J j = 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 31,33,36,38,40, 
42,4'+,46, 48, 50, 52, .54 
26 
r; :  ¢k, k = 8,10,12, 14,16,18,20, 22, 24,26, 28,30, 32, 34,35,37,39, 
41,43,45,47, 39, 51, 53 
The irreducible representations that mak_e up {z are the , same as 
those that make up G. If the partner functions of '2 and 1J are 
written a s  Slater determi nants, one notes that for each function in 
one representation there exists an equal but oppositely directed func­
tion in the other. Thus, the two reductble representations, G and 
G, are equivalent. The equivalency allows one of the representations 
to be dropped ( the r; representation is arbitrarily chosen to be 
dropped). When single electron transfer bases are selected, only 
·functions where the transferred electron has one type of spin need to_ 
be utili zed. 
The Td character table is given in figure 2. �rerms for the 
symmetry eigenfunctions are formed with the use of the basis function · 
generating machine and by proper linear combinations. In general, a 
numbe_r of symmetry eigenfunctions are linear combinations of the 
other eigenfunctions of the same irreducible represen�ation. Only 
the independent symmetry 0igenfunctio�s are ret
ained. These are 
_ 27 
listed in table 2 .  
The next step is to form s2 eigenfunctions from the symmetry 
eigenfunctions and to orthogonalize these s
2 
eigenfunctions. Table 
3 gives the results of applying the s2 operator to each basis func­
tion. Table 4 gives the orthogonalized s2 e igenfunctions with their 
eigenvalues. 
To find the ground state energy, one solves the various secular 
determinants formed with the eigenfunctions that have s
2 
eigenvalues 









E = ½(  Q**+Q)+½ ( -4 5j*+262-8 S3 +56'4! 




2+36( ,IJ -J2-<lj+c5);) 2 
T
1 






: E = Q-4 a
3
+J s4� Js c a1-82� !3 +S4) 2 + c &2-2 03+J4)2 
(41) 
Q indicates a coulombic integral, and cfi indicates an exchange 
integral where i factors do not correspond. The double star with a 
term indicates interaction between two covalent configurations. A 
single star with a term indicates interaction between  a co
valent and 
a singly-polar structure. If no star exists above a
 term, the 
interaction is between two singly-polar structures.
 
28 




1 1 1 1 1 
A
2 
1 1 1 1 1 
E 2 -1 2 0 0 
T
l 3 0 -1 1 -1 
T
2 3 0 -1 -1 , 1  
---------------------------------------------------�-----------------
11 6 0 
f2 24 0 
13 24 0 
Figure 2. Td 
Character Table 
2 2 0 
0 0 0 
0 0 0 
Table 2. �etry Eigenfunctions for Four Electrons 
Al '+'1 = ¢1+¢2+¢3+¢4+¢5+¢6 
4'2 = ¢7+¢9+¢11+¢13+¢15+¢17+¢19+¢21+¢23+¢25+¢27+¢29+¢31+¢33+¢36 




4'5 = -¢1-¢2+2¢3-¢4-¢5+2¢6 
\./"6 = 2¢7-¢13-¢15-¢21+2¢23-¢29-¢31+2¢3a-¢40-¢46-¢4s
+2¢54 
- f7 = -¢7-¢13+2¢15-¢21-¢23+2¢29+2¢31-¢3g-¢40
+2¢46-¢4a-¢54 







f11 = ¢2-¢ 5 





Table 2 continued. 





lf16 = ¢9+¢11+3¢13+¢17-¢19-¢21+¢25-¢27-¢33 
-¢36-¢40+¢42+¢44-¢43-¢50-¢52 











'f'21 = -¢7 +¢9¢11 -¢17-¢19-¢23-¢25
+¢27-¢33-¢36-¢38 . 
JO 
















































� Table 3. The Effect of s
2 









































s ¢36 = ¢36
+¢38 




82¢9 = ¢7+¢9 
· 2 




¢11 = ¢11+¢13 
2 










































34 Table 4 . s2 Eigenfunctions for Four Electrons 
A
l o/{ = r2 • . . . • . . . • • • . • • • • . • . • • . • • • . . 2 �, = 'f1 2 . • . • . . . . • • . . • • . . . • . • • • . • . • • 6 A2 i' 3 lf3 • • • . . • . • • . • • • .. • • . . • • • • • • • • • 0 
E '/( 4 = lf'4 Cj/5 • • • . • . . . • • . • • . • • • • • . • • . • 0 
\fr' = <f4 + lf5 5 • • . . • . . . • . . • • • . • .. . • • . • • • 0 
'f'6 = f6 - �7 - · 'f's+ 4'9 . . . • . . • • . • • • . • • . • . • • 0 
lj( <p6 + 'P7 lf's- 'P9 7 . • • . . • • . • • • • . . . • • . • • 
r; = 'P6 '1'7 + '/Is- <r'9 • • • • • . • . . • • • . . . . • • • . 2 
l/{ = \j/6 + lf 7 + lf's+ f9 9 . . . . . . . . . . . . . . • . . . • • 2 
T
l '11{o = f13 �14 + f1s lf'19 • • . . . . . • • . • • . • . . • 0 \fi1 = 'f 13 'f'14 f1s + 'P19 • • • • . . . . . • . • . • . . • 0 
'f'i2 = o/13 t/114 2lf'15 +2\/116 +o/lS - �19 . • . . • . . . . • . 0 lf13 '¥10 . • • . • . . • . • . . . • . . . • • . .. . • . • . 2 
f{4 l/111 • • • • • • • • • . • • . . . . • . . • • . . . • • • 2 
r{5 
= \/112 . . • . . . • • • . . • • . . . • . • . . . . • • . 2 
r{6 4'13 + lf'21 • • . • . . • . . . . • .. . • . . . • . . . • 2 
tf/{7 
= ll115 + '1120 . . . . . • . . . . . . . . . • . . • • . . ✓2 • 
lf':18 = 2'f'13 - f14 - </\5 + 2t17 + f 18 + lf' 19 + 'fl20 + lf21 • • . . 2 \/'19 = lfl13 + '-P14 + f1s + f19 . . . • . • • • • . . . . • . . • 2 lf20 = l/113 lf' 14 + lf 1s + lfl19 +2tf21 . • . . . . • . . . • . • • 2 t21 = �'13 + �.pl4 -2<f'16 + <f1s + lf'19 + z r20 . . . . • . . . . • 2 I 
� Table 4 continued. 
. . . . .. . • • • • 
ll';3 = 4'22 + f23 + lf26 - 'f30 • • • • • •  • • • • • • • • • 
35 
• • 0 
• • 0 
¥-';
4 = lf24 + . 
If 27 • • • • • • • • • • • • • • • • • • • • • • • 0 
'f�5 = If 22 - </-' 23 + 'fl 24 + 't'27 - 'f'2s +
2 <f 29 - l/130 • • • • • • • • 0 
'1';6 = lf22 - 'f23 + lf'24 +2 'f25 - </127 +
3 lf'2s -2 lf'29 +l/'30 • • • • • O 
lf;7 = lfl22 + '+'23 + lfl24 - o/27 + f2s + '+'30 • • • • • • • • • • • 0 
r;s = lf22 + lf2J - 'f-'24 +2 '/126 + r 27 - <f'2s +2Y129 - 'f30 • • • • 2 
(/1;9 = 'f2 2  + 4'23 - lf'24 -
2f 25 + lf27 - '112s +2 t29 - tp30 • • • • 2 
'/S'o = \f/22 - Y-'23 + Y-'24 - '1127 + lf-'2s - 'f 30 • • • • • • • • • • • 2 
36 





Three approximations were considered. The first assumed that bonding 
is due to a boron 2s orbita l at each corner of the tetrahedral 
skeleton; the second considered a boron 2p orbital at each tetrahedral 
1 1 
corner; the third considered a boron 2s2p2 orbital at each tetrahedral 
corner. 
Formula (35) yielded approximate values for the integra ls. The 
requisite over laps were obtained from existing tab les3
1
; th� r equi­
site valence state ionization energies from other tables3
2 
• 
.!. .!. 0 ' 
Details for 2s2 p2 bonding among borons 1. 70 A apart follow. 
Assuming no charge on any boron, one then gets 4. 18 for p and 0. 0 for 
t. The corresponding overlaps are 
2s-2s orbitals • . . • • • • • • • • • • • • o. 426 
2p -2p orbitals • • • • • • • • • • • • • •  0. 327 
2p -2p orbitals • • • • • • • • • • • • • • 0 . 260 
2s-2p orbita ls • •  • • • . . . . . . . . . . o.427 
· The 2p orbital is direc.ted towards the center of · the molecule; 
0 
therefore, the orbital makes a 35. 3  angle with each edge of the 
tetrahedron. 
1 1 
For the 2s2p2 orbital at each corner, one has the breakdown 
1 1 /1 
(2s2p2) = If (2s) + �½ (2p) (42) 
3¾. s. Mulliken, c .  A . Rieke, D .  Orloff, and H. Orloff, � 
cit., pp . 1259-1267. 
32J. Hinze and H. H. Jaffe, J. Am. Chem. Soc. , 84, 542 (1962). 
Equation (39) is substituted for the 2p orbital: 
1 1 
(2s2p2) = [½(2s) + [fcose (2p6) + J1-sin9 (2p7t) 
The overlap integral is then 
1 1 1 1 
S(2s2p2, 2s2p2) � ½s(2s, 2s) + ½cos
2
e S( 2p6, 2p6) + 
½sin
2e S( 2p7f, 2p7f) + cos9 S( 2s, 2p<Y) 
1 1 
Evaluation of this integral yields 0.714 as the 2s2p2 overlap. 
(43 ) 
(44) 
The valence state ionization energy, from equation (37) is 
1 1 
I (2s2p2) = I (B_J + P+(di'71) - P (didi?f ) VI g • 0 
= 8. 2960v + 8.992ev - 4. 738ev = 12. 55ev (45) 
The VSIE for the boron ion is 
1 1 + I ( 2 s2 1l ) = I ( B ) + P ( s / p) - P ( di '77' ) V I[  g II o (46) 37 
Now, the removal of an electron from the di?f state may result 
in either an s or p state; therefore, the P
+
(s/p) value must reflect 










33 · t  19 C.  E. Moore, � �, PP• • 
Level 
0. 0 ev 
5.994 ev 
5 . 998 ev 
+ By the J-file sum rule, the P (s/p) term becomes 
+ P (s/p) = [ 2(0. 0) + 2(5. 994ev) + 4(5. 998ev) ] 1/ 8 = 4. 46ev (47) 
Therefore 
1 1 
I ( 2s2p2)= 25. 149ev + 4.46ev - 8. 992ev = 20. 6l?ev V tr  
1 1 
By equation (36) the � values for the 2s2p2 bonding 
are 
Kk (Bl , BI ) = ½ [ 8 ( -12 . 5 5ev) ] = - 50. 20ev 





Similar calculations have been carried out for the· other two 
approximations ,  and the pertinent integrals evaluated, with the 
results appearing in table 5. Substituting these integrals in the 
energy expressions and subtracting out the energy of the s eparated 
BCl units yields the results in table 6. Calculations for other B-B 
dis tances have also been carried out. Graphs showing the relation­
ship between bonding energy and the atom separation distance appear 
in figures 3 , 4, and 5. 
� Table 5. Evaluation of Integrals for a Boron Tetrahedron 
Symbol 2s orbital at each corner 




Q** 1 . 00 1. 00 -56-. 168 -56 . 168 
Q 1 . 00 1 . 00 -53 . 484 -53 . 484 
oj* . 426 . 077 -56 . 168 -4. 32 
�4* .426 . 0328 -56. 168 -1 .83 
6* 1. . 426 .426 -54. 826 -23 .3? 
62 . 426 . 181 -54. 826 -9 . 94, 
. 6j . 426 . 077 -54 .826 -4. 22 
J4 . 426 . 0328 -54. 826 -1 . 80 
cf1 . 426 
.426 -53 .484 -22. 78 
cf2 . 426 . 181 -53 . 484 -9 . 68 
cf3 . 426 . 077 
-53 .484 -4 . 11 
cf4 . 426 � 0328 
-53 .484 -1 .-75 
39 
40 
Table 5 continued .  
Symbol 2p orbital at each corner 
Sk �k Kk ( ev) �k (
ev) 
Q* * 1 . 00 1 . 00 -45 . 6  -45 . 6  
Q 1 . 00 1 . 00 -42 . 91 -42 . 91 
cf** . 304 . 0281 -45 . 6  -1 . 28 
�1;,* . 304 . 0086 -45 . 6  -0 . 39 
cf* 1 . 304 . 304 -44. 26 -13 .46 
8 *  . 304 . 092.5 -44. 26 -4. 09 2 
t* . 304 . 0281 -44. 26 -1 . 24 3 
a4 . 304 . 0086 -44. 26 -0 . 38 
�l . 3
04 . 304 -42 . 91 -13 . 05 
cf2 . 3
04 . 092.5 -42. 91 -3 . 98 
l3 . 304 .-0281 -42 . 91 -1 . 21 
. 6'4 . 304 
. 0086 -42 . 91 -0 . 37 
41 
Table 5 continued. 
1 1 








Q** 1 . 00 . 1. 00 -50.20 -50. 20 
Q 1. 00 1 . 00 -45 . 7
17 -45 . 717 
f>* *  3 . 7�4 .364 -50. 20 -18. 25 
04* . 71� . 260 -50.20 -13 . 05 
&i . 714 . 714 -47 . 959 -34 . 25 
62 . 714 • .510 -47. 959 -24 .45 
dj . 714 .364 -47 . 9.59 -17 . 45 
64 . 714 . 260 -47 . 959 -12 .48 
J1 . 714 . 714 -45 . 717 -32. 65 
82 . 714 . 510 -45 . 717 -2J. J0 
63 . 714 · . 364 -45. 717 -16. 65 
cf4 . 714 . 260 -45. 717 -11 . 90 
Table 6. Gr�und State Bonding Energies 
1 1 
Representation 2s orbital at 2s2p2 orbital at 
each corner each corner 
A2 
anti bonding anti bonding 
E · 24.Jev antibonding 
Tl 
anti bonding antibonding 
T
2 
19. lJev anti bonding 
.I 
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Figure 3 .  Bonding energy yersus atom-atom distance for a 2s orbital on each 
corner of a boron tetrahedron .  
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Figure 5. Bonding energy versus atom-atom distance Tor a 2s2p2 orbital on each 
corner of a boron tetrahedron. 
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46 
Eight Electron, Tetrahedral Problem 
Consider a tetrahedral structure with two orbitals at each corner 
and with one electron in each orbital. This structure possesses Td 
symmetry (the Td character table is given in figure 2). The spin 
s tates of S =O are used as bases for the r_educible representations. z 
These spin states are listed in table 7 and are pictured in figure 6. 
Orbitals a and b are at one corner of the tetrahedron; orbitals c and 
d are at another corner, etc. 
Nine reducible representations exist. These can be decomposed 
into irreducible repres entations in the following manner: 
rl = Al 
f"z = Al + E + 2Tl + T2 
r3 = � + E + Tl 
½J, = Al + Tl 
G = Al + E + Tl 
'6 = � + Tl 
'7 = A  1 
rs = Al + A2 + 2E 




Each reducible representation contains a unique set of spin 
state functions ( set of partner functions). The partner functions 
for the various representations are as follows: 
11 = ¢1 
'2: ¢ i
' i = 2' J' . . . ' lJ 
47 
Table 7 .  Sp in States for Eight Electrons on a Tetrahedron 
a b C d e f g h a b C d e f g h 
1 Ct f3 a. 8 a. f3 Ct, f3 36  a Ct f3 $ a f3 B a 
2 a a B s a f3 Ct, B 37 a Ct, a. f3 f3 f3 s Cl. 
3 Cl. Cl. a. B f3 f3 a 8 3 8  a. Ct, f3 a 8 f3 a. f3 
4 a. a. a. B ·a. f3 8 8 39  a. a. f3 a. a f3 f3 f3 
5 f3 f3 a. a a. 8 a. f3 4 0  a a. Ct, f3 B Ct, B f3 
6 f3 s Ct, f3 a. Ct, a. 8 41  f3 f3 a. Ct, a f3 f3 a 
7 f3 f3 ex f3 a. f3 a. a. 42  f3 B a Ct, f3 a. a f3 
8 a. f3 f3 f3 a f3 a. Ct 4 3  f3 6 Ct, f3 a a f3 a. 
9 a 8 a. a. a. B f3 f3 44  f3 B B a a a. a. B 
10 a. f3 a s f3 B Ct a. 4 5  B B f3 a ex f3 a. a. 
11 a. f3 a B a . a. f3 f3 4 6  f3 f3 a f3 f3 Ct, Cl 0. 
12 ex f3 a. a. f3 B a. f3 4-7 f3 a f3 f3 a. f3 a Cl 
13 Cl f3 f3 B Ct Ct a. f3 4 8  Ct f3 f3 f3 f3 a a Cl 
14- f3 f3 Ct a a. Cl f3 f3 49 f3 ct ct f3 f3 f3 a ex 
15  f3 f3 f3 f3 a. ct a. a 50  ct B f3 a B f3 a a. 
16 a a B s a a f3 f3 51 f3 a a a a f3 f3 f3 
17 a a. a a f3 f3 f3 f3 52 a f3 a a f3 a e f3 
18 a · a. f3 s f3 f3 a. a. 53 f3 Ct a. f3 a a. B f3 
19 B s a a f3 f3 a. a. 54 a. f3 f3 a. a a B f3 
20 f3 a. a. f3 a. f3 a. B 5 5  f3 a a. a f3 f3 a f3 
21 a B a f3 a f3 s a 56  a f3 a a (3 f3 f3 a 
2 2  a. 8 B a a. f3 a. B 57  f3 a f3 f3 a. a ct f3 
23 a f3 a. f3 f3 a. a B 58 a. 6 f3 f3 ct a B Cl 
24 f3 a. B a a B a f3 59 a a. f3 f3 f3 a f3 a. 
2 5  B Ct Ct f3 B a. a. f3 6 0  a. a. f3 a B f3 f3 Ct 
26 B a. a. s a. s f3 a. 61  a. a. f3 a B a. f3 f3 
27 a B B a f3 a a. f3 6 2  B s - a a. B a f3 a 
28, Cl f3 B Ct, a B B a 6 3  f3 B f3 a. a ct B a 
29 a. f3 a. f3 s a B a 64 B B B a s a. a. a 
30 B a B a 8 a. a. s 6 5  B a e B s a Cl ·O. 
31 B a a. . B  6 a. f3 a. 6 6  8 a a a s a (3 8 
32 B a s a a f3 B a 67  f3 ex s a f3 s a. a. 
33 a. B B a. s a B a. 68  s a. s a. a. Cl s f3 
34 (3 a. B Cl f3 a s a 6 9  8 a a. a B B f3 a 
35  a a B 6 s a. a B 7 0  s a f3 s a Cl B a. 
48 
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Figure 6 .  
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Figure 6 continued. 
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G . ¢ . , j = 14, 15, 19 . . . . .  ' J 
� ¢k, k = 20, 21, 22, 2.3 
G ¢1, 1 = 24, 25, 29 . . .  ' 




fa : ¢p, p = .35 , 36, . . .  , 58 
� 
¢ , q = 59 ,60 , 
q 
. . .  , 70 
Terms for the symmetry eigenfunctions are formed by applying 
spin s tates to equation (15). One does get some s ymmetry eigen-
functions that are linear combinations of other eigenfunctions. Only 
independent eigenfunctions are retained. These are listed in· table 8 
under headings of the various irreducible representations . 
Most of these symmetry eigenfunctions are not eigenfunctions of 
2 the S operator; however, linear combinations of symmetry eigen-
functions do produce the s2 eigenfunctions. These s2 eigenfunctions 
are listed in table 9 . The E representation is doubly degenerate, 
and the T representations are triply degenerate; only one s et of s
2 
eigenfunctions for each degenerate representation is listed in the 
table. 
The various s_ecular equations are formed with the s
2 
eigen­
functions of eigenvalue zero. The possible ground state energy 
expressions are obtained by the method outlined by Eyring, Walter, 
and . Kimball:}+. Q is a coulombic integral; a is a single exchange 
.34H. Eyring, J. Walter, and G . � Kimball, £E!.. cit., pp. 241. 
52 
� Table 8. Symmetry Eigenfunctions for Eight Electrons, Td Symmetry 
Al : lf'o = ¢1 
f1 = ¢2 + ¢3 + ¢4 + ¢5 + ¢6 + ¢7 + ¢8 + ¢9 + ¢10 + ¢11 + ¢12 + ¢13 
l/'2 = ¢14 + '¢15 + ¢16 + ¢17 + ¢18 + ¢19 
o/3 = ¢20 + ¢21 + ¢22 + ¢23 
lf4 = ¢24 + ¢25 + ¢26 + ¢27 + ¢28 + ¢29 
\f-'5 = ¢30 + ¢3� + ¢32 + ¢33 
'1'6 = ¢34 
r7 = ¢35 + ¢36 + ¢37 + ¢38 + ¢39 + ¢40 + ¢41 + ¢42 + ¢43 + ¢44 + 
¢45 + ¢46 + ¢47 + ¢43 + ¢49 + ¢50 + ¢51 + ¢52 + ¢53 + ¢54 + 
¢55 + ¢56 + ¢57 + ¢58 
l/18 = ¢59 + ¢60 + ¢61 + ¢62 + ¢63 + ¢64 + ¢65 + ¢66 + ¢67 + ¢68 + 
¢69 + ¢70 
A2 : 'f9 = ¢35 - ¢36 + ¢37 - ¢33 + ¢39 - ¢40 + ¢41 - ¢42 - ¢43 + ¢44 �. 
¢45 + ¢46 + ¢47 - ¢43 - ¢49 + ¢50 - ¢51 + ¢52 + ¢53 - ¢54 + 
¢55 - ¢56 - ¢57 + ¢58 
E : <f'10 = 2¢2 - ¢3 - ¢4 + 
2¢5 - ¢6 - ¢7 - ¢3 - ¢9 + 
2¢10 + 2¢11 
-¢12-¢13 
Table 8 continued. 
tf'll =-¢2 - ¢3 + 2¢4 - ¢5 - ¢6 + 2¢7 - ¢8 - ¢9 - ¢10 - ¢11 + 2¢12 + 2¢13 
�12 = 2¢14 - ¢15 - ¢16 - ¢17 + 2¢18 - ¢19 
4'13 = -¢14 + 2¢15 - ¢16 + 2¢17 - ¢18 - ¢19 
lfli.4 = 2¢24 - ¢25 - ¢26 - ¢27 - ¢28 + 2¢29 
lf-115 = -¢24 - · ¢25 + 2¢26 + 2¢27 - ¢28 - ¢29 · 53 
'f16 = 2¢35 - ¢37 - ¢39 + 2¢41 - ¢44 - ¢46 - ¢47 + 2¢50 - ¢52 
1 2¢53 - ¢55 -¢58 
f17 = 2¢36 - ¢38 - ¢40 + 2¢42 - ¢43 - ¢45 - ¢48 + 2¢49 - ¢51 +2¢54 - ¢56 - ¢57 
'+'18 = -¢35 - ¢37 + 2¢39 - ¢41 - ¢44 + 2¢46 - ¢47 - ¢50 - ¢52 
-¢53 + 2¢55 + 2¢58 
lf19 = -¢36 - ¢38 + 2�40 - ¢42 - ¢43 + 2¢45 - ¢43 - ¢49 - ¢51 
.-¢54 + 2¢56 + 2¢57 
'fz
o = 2¢59 - ¢60 - ¢6l + 2¢62 - ¢63 - ¢64 - ¢65 - ¢66 + 2¢67 + 2¢68 - ¢69 - ¢70 
lfzi = -¢59 - ¢60 + 2¢6l - ¢62 - ¢63 + 2¢64 - ¢65 - ¢66 - ¢67 
-¢68 + 2¢69 + 2¢70 
� Table 8 continued. 
T
l : �2 = ¢2 + 
4¢3 + ¢4 - ¢5 - ¢7 - 2¢8 - 2¢9 + ¢10- ¢ 11 
+¢12 - ¢13 
lfl23 = -¢2 � ¢3 + ¢5 + ¢6 + 4¢7 + ¢a - ¢9 + ¢10 - ¢11 
- 2¢12 - 2¢13 
'fz4 = ¢2 - 2¢3 - ¢4 - ¢5 -
2¢6 + ¢7 + 4¢8 + ¢10 · - - ¢11 
-¢12 + ¢13 
lfl25 = -2¢2 + ¢3 - ¢4 - 2¢5 - ¢6 + ¢7 + ¢8 - ¢9 + 4¢10 
+¢12 - ¢13 
tf'26 = -¢2 + ¢3 -
2¢4 + ¢5 - ¢6 - 2¢7 - ¢8 + ¢9 + ¢10 - ¢11 + 
4¢12 
f27 = ¢2 - ¢3 -
2¢4 - ¢5 + ¢6 - 2¢7 + ¢s - ¢9 - ¢10 + ¢11 + 
4¢13 
lj)28 = ¢14 - ¢18 
lfJ29 = ¢15 - ¢17 
lf30 = ¢16 - ¢19 
�l = 3¢20 - ¢21 - ¢22 - ¢23 
�2 = -¢20 + 
3¢21 - ¢22 - ¢23 
\/-'33 = -¢20 - ¢21 + 
3¢22 - ¢23 
�4 = ¢24 - ¢29 
·' 
Table 8 continued. 
�5 = ¢25 - ¢28 
�6 = ¢26 - ¢27 
;7 = ¢30 - ¢31 - ¢32 - ¢33 
�8 = -
3¢30 + 3¢31 - ¢32 - ¢33 
"39 = -¢30 - ¢31 + 3¢32 - ¢33 
Vf+o = 3¢35 + ¢36 + ¢38 + ¢40 - ¢41 + ¢42 - ¢43 - ¢45 · + · ¢48 
-¢49 - ¢50 - ¢51 - ¢53 - ¢54 - ¢56 + ¢57 
t/141 = ¢35 + 
3¢36 + ¢37 + ¢38 + ¢41 - ¢42 - ¢44 - ¢46 + ¢47 
-¢49 - ¢50 - ¢52 - ¢53 - ¢54 - ¢55 + ¢58 
</'42 = ¢35 + ¢37 + 
3¢38 t ¢39 - ¢41 - ¢43 + ¢44 - ¢46 - ¢47 
-¢48 + ¢50 - ¢51 - ¢52 - ¢53 + ¢55 - ¢58 
¼3 = ¢36 + 3¢37 + ¢38 + ¢40 - ¢42 + ¢43 - ¢44 - ¢45 - ¢47 
-¢43 + ¢49 - ¢;1 - ¢52 - ¢54 + ¢56 - ¢57 
lfl44 = -¢35 + ¢36 - ¢38 - ¢40 + 3¢41 + ¢42 + ¢43 + ¢45 - ¢48 
-¢49 - ¢50 + ¢51 - ¢53 - ¢54 + ¢56 - ¢57 
r45 = -¢35 + ¢37 - ¢38 - ¢39 + ¢41 + 3¢43 + ¢44 + ¢46 - ¢47 
-¢48 - ¢50 - ¢51 - ¢52 + ¢53 - ¢55 + ¢58 
55 
� Table 8 continued. 
"46 = -¢35 - ¢37 + ¢39 - ¢40 + ¢41 + ¢44 + 
3¢45 + ¢46 + ¢47 
+¢50 - ¢52 - ¢53 - ¢55 _- ¢56 - ¢57 - ¢58 
l/147 = ¢36' - ¢37 - ¢38 - ¢40 - ¢42 - ¢43 - ¢41+ + ¢45 + 3¢47 
+¢48 + ¢49 + ¢51 - ¢52 - ¢54 - ¢56 + ¢57 
¥148 = -¢35 - ¢36 + ¢38 - ¢40 · - ¢41 - ¢42 - ¢43 + ¢45 + ¢48 
+¢49 + 
3¢50 - ¢51 - ¢53 + ¢54 + ¢56 - ¢57 
lf'49 = 
4¢59 + ¢60 + ¢61 - ¢63 - ¢64 + ¢65 - ·_ ¢66 -2¢67 -
2¢68 
-¢69 + ¢70 
"5o = ¢59 + 4¢60 + ¢61 - ¢62 - ¢64 - 2¢65 � 2¢66 + ¢67 - ¢68 
+¢69 - ¢70 
l./151 = ¢59 + ¢60 + 
4¢61 - ¢62 - ¢63 - ¢65 + ¢66 - ¢67 + ¢68 
-2¢ 69 - 2¢70 
f52 = -¢60 - ¢61 + 4¢62 + ¢63 + ¢64. - ¢65 + ¢66 - 2¢67 - 2¢68 
. +¢69 - ¢70 
lf'53 = -¢59 - ¢61 + ¢62 + 
4¢63 + ¢64 - 2¢65 - 2¢66 - ¢67 + ¢68 
-¢69 + ¢70 
f54 = ¢59 - 2¢60 - ¢61 - ¢62 - 2¢63 + ¢64 + 
4¢65 + ¢67 - ¢68 
. -¢69 + ¢70 
Table . 8 continued. 
T2 : �5 = z¢2 .- ¢3 - ¢Li, - 2¢5 + ¢6 + ¢7 - ¢8 + ¢9 + ¢12 - ¢13 
f56 = -¢2 - ¢3 + 
2¢4 + ¢5 + ¢6 - 2¢7 + ¢8 - ¢9 + ¢10 - ¢11 
tt'57 = -¢2 + ¢4 + ¢5 - ¢7 + 2¢8 - 2¢9 - ¢10 + ¢11 + ¢12 - ¢13 
4'58 = -¢j6 + 
3¢37 - ¢38 - ¢40 + ¢42 - ¢43 - ¢44 + ¢45 - ¢47 
+¢48 - ¢49 + ¢51 - ¢52 + ¢54 - ¢56 + ¢57 
lf59 = -¢35 � ¢37 + 
3¢38 - ¢39 + ¢41 - ¢43 - ¢44 + ¢46 + ¢47 
-¢48 - ¢50 - ¢51 + ¢52 + ¢53 - ¢55 + ¢58 
�o = ¢36 - ¢37 - ¢38 + ¢40 - ¢42 - ¢43 + 
3
¢44 - ¢45 - ¢47 
+¢48 + ¢49 + ¢51 - ¢52 - ¢54 + ¢56 - ¢57 
W;l = -¢36 - ¢37 + ¢38 + ¢40 + ¢42 + ¢43 - ¢44 - ¢45 + 3¢47 
-¢48 - ¢49 - ¢51 · - ¢52 + ¢54 + ¢56 - ¢57 
%2 = -¢35 + ¢37 - ¢3
.
8 + ¢39 + ¢41 - ¢43 + ¢44 - ¢46 - ¢47 
+3¢48 - ¢50 - ¢51 - ¢52 + ¢53 + ¢55 - ¢58 
lf63 � ¢35 - ¢36 ¢37 + ¢39- + ¢41 - ¢42 + ¢44 - ¢46 - ¢47 
+3¢49 - ¢50 + ¢52 - ¢53 - ¢54 - ¢55 + ¢58 
�4 = ¢36 - ¢37 + ¢38 - ¢40 - ¢42 + ¢43 - ¢44 + ¢45 - ¢47 
-¢48 + ¢49 - ¢51 + 
3¢52 - ¢54 - ¢56 + ¢57 
57 
� Table 8 continued. 
�5 = -¢35 + ¢36 + ¢38 - ¢40 - ¢41 + ¢42 - ¢43 + ¢45 + ¢48 
-¢49 - ¢50 - ¢51 + 
3¢53 - ¢54 + ¢56 - ¢57 
. �6 = ¢35 - ¢36 + ¢37 - ¢39 + ¢41 - ¢42 - ¢44 + ¢46 + ¢47 
-¢49 - ¢50 - ¢52 - ¢53 + 
3¢54 + ¢55 - ¢58 
58 
'/i7 = 2¢59 - ¢60 - ¢61 - 2¢62 + ¢63 + ¢64 - _ ¢65 + ¢66 + ¢69 - ¢70 
o/68 = -¢59 � ¢60 + 2¢61 + ¢62 + ¢63 - 2¢64 + ¢65 - ¢66 +, ¢67 - ¢68 




�igenfunctions for Eight Electrons, T
d 
Symmetry 
. . . . . . . • • • . • • • • 0 
r; = 2 r 2 _+ 2 'f'4 - lf' 7 • • • • • • • • • • • • • • • • • • • • • o 
r; = - 4 l/'o + lf-'1 + lf'J + 'f5 � 4 �  - lf7 + 'fg • • • • • • • • • • o . 




- 'f' 5 + 2 � • • • • • • • • • • • • • • • • • 2 




+ 6�_ -'1-'8 • • • • • • • • • • • • • • • • • 2 
</' 6 = - 6 'fJ O + 4 � - 3 lf'3 
- 2 t./14 - 3 � - 6 l/-16 + lJ) 7 • • • • • • • • 6 
/ - o/ 8 = - 2 'ro - 4' 1 - � 3 + lf 5 + 2 'f6 + lj18 • • • ti • • 
• • 6 




= f9 . • . . . • . • • • . • • • • . • . . • • • . . • • 0 
- <f'21 
• • • • • • • • . • • • • • • • • • • • • • • • • • O 
+ o/20 
- lf'21 
• • • • • • • • • • • 
'l-'{3 = 4'12 - f13 - \/120 + 4'21 • • • • • 
, . 
• • • • • • 0 
-. • • • • • • • • 2 
60 




'f14 = lflO - lf 11 + 2'f12 - 2lf13 + 2lf'14 - 21/'15 + <f20 - lf'21 • • • 6 
. 'f {5 = 21/112 - 2{//13 - 2tpl4 + 2'-1115 + lf 16 + lf 17 - �18 - l/'19 • • • 6 
<f{6 = -lf16 + 4'17 + tpl8 - 4'19 • • • • • • • • • • • • • • • • 6 · 
+ 2'f39 - 2l/'4o - 2lf'44 + Y-'49 + 'f52 • . • • • • • • • • • • o 
<f-'{8 = f22 + 'f 23 + f24 - 2lf25 + o/ 26 - 2o/31 - 2tf'33 - 2�37 
- 2f39 - 'f 49 - ir52 • • • • • • • • • • • • • • • • • • 2 -
. + � • • • • • • • • • • • • • • • • • • • • • • • • • 2 
. r;o = <t-'23 + lf-'27 - 'l-'40 . + 't'4 3 - 2lf'45 - o/47 - f 48 + � 53 + 4'54 • 2 
<11;1 = 2lf'29 - <f 40 + <fl 4 3 - 2f 45 - lf/47 - '1"48 • • • • . • · • • • • 2 
f;2 = . - o/z2 - 3 lf23 - ·'f-'24 + 2'f25 - lf26 - 2tp27 + 8 f29 -
4lf'31 
-4 j3 + . 16 lf34 - 4 tp37 - 4 l/139 + 24'42 - 2 'f'43 + 2lf'45 
'1';3 =. lf'22 + lf-'23 + tf'24 -
2l/J25 + l/-)26 + 2'1131 + 2 �33 
. . . • • • 2 
- 24'37 - 2 <¥39 + lJ' 49 + 4'52 • • • • • •· . • • • • • • • • 6 
61 
� Table 9 continued. 
" 
�4 = lf23 + lf27 - 4'53 - l¥54 • • • • • • • • • • • • • • •
 • • · 6 
. . . . . . • • • 6 
r;6 = 'f22 + r 23 + 4124 - 2'f25 + t 26 + 2'1'31 + 2 �33 + 8434 





. . . . . . . . . . . . . . .
. 




. • • • • • • . . • • • . • • • • • . . • • 12 
T2 'f;s = - 4'55 + o/56 - <t'57 - 4'5s - 'f'6o + l/'67 - o/69 • • • • • • • 
0 
�{9 = - o/55 + '+'56 - lfl57 - \Jl67 + 'r'69 • • • • • • 
• • • • • • • 2 
r;o = l/'58 + t/161 . . . . . . . . • 
/ 
lf6o 3/61 '1'31 = + . . . . . . . . . 
. . . . . . 
. . . . . . 
. . . . 
. . . . 
. . . . 
. . 2 
. . 2 
. . 6 
integral. Multiple exchange integrals are set to zero; single 
exchange integrals where ·the exchange occurs between two orbitals 
on the same atom are also set t.o zero. 




E ·= Q - 128 
E = Q - 108 
E = Q 56  
E = Q - 60 
, . . 
E E = Q - 48  
E = Q - 8& 
T
l 
E = Q - B J  
T
2 




Eight Electron, Cubic P:roblem· 
Mullane;3
5 
began the eight electron cubic problem in his thesis, 
but he did not get all possible ground state energy expressions. 
Seventy spin state configurations were used as bases for the reducible 
representations. These configurations are listed (Mullaney's nomen­
clature is used) in table 10. 
Mullaney utilized Oh 
symmetry for this problem. The reducible 
representation breakdown became 
r=
l 
= A_ +A_ · +E +E +F1 +F1 +2F2 +2F2 - -ig - -iu g u g u g u 
r = A +A +E +E +F +2F1u+2F2g+F2u 1 2 lg 2u g u lg 
G = �g+A2u+Flu+F2g 
'4 = �g+Eg+Flu 
G = Alg+Eg+F2g 
Terms for the symmetry eigenfunctions are fo�med by the use of 
equation (15) and of the spin state configurations. As the various 
eigenfunctions are formed, one discovers that a number of the eigen­
functions are linear combinations of other eigenfunctions within the 
same representation. Only the independent eigenfunctions, which are 
listed in table 11, need to be retained. 
3SR. C. Mullaney, .2E!. cit., pp. 62-76. 
64. 
Table 16 . Spin States  for Eight Electrons on a Cube 
a b C d e f g h a b C d e f g h 
1 ex ex ex Ct B B f3 f3 36  B Ct Ct a ex B f3 B 
2 ex Ct ex B Ct B f3 B 37 B ex a. a. B a. B B 
3 ex a. ex B 8 ex B B 3 8  B a. a. a. B B a. B 
4 a. a, a. B B B a f3 3 9  B a. a a, B f3 8 ex 
5 a. a. a, B B B B a. 4 0  B et et B ex a. B B 
6 a. a. B a. a. B B B 41 B a. a. B Cl, B a. s 
7 ex a. B a, B ex B B 42  B a. a. B a. f3 B a. 
8 a. ex B a. B B a. f3 43  B a. a. 8 8 Ct, et B 
9 et ex B a. B B 8 ex 44  B Ct a. s B ex B Cl, 
10 a. a. B B a. ex 8 B 4 5  B a. a. B B B a. a. 
11 . a. a. B B a. 8 a. B 4 6  B a B a a a. B 8 
12 a. ex B B a. B B a. 47  B a. B a. a. B et B 
13 a. a. B B B a. a. B 4 8  6 a. 8 a. a, B B Cl, 
14 a. a. B B B a. 8 a. 49  8 Cl B a. B a. a. f3 
1 5  ex a. B B B B a. a. 50  f3 a. B a. B ex B a. 
16 ex 8 a. a. a. B f3 B 51 B a. B a. B e a. a. 
17 a. B a. a. B a. B B 52 B a. B B Ct a. a. B 
18 a. B a. a. B B a, B 53 B a. B B ex a. B a 
19 a. B a. a. B B B a. 54 B Cl B B ct B a. a 
20  a. B a. B a. a. B B 5 5  B a. B B B a. Ct a. 
21  a. B a. B Ct B a. B 56 B B a. a. ct a. B B 
22  a. B a. B a. B B a. 57 B B a a. a B a. 8 ·  
23 a. B a. B B a. a. B 58  B B a. a et B B a. 
24 et B a. B B a f3 Ct 59  B B et a B ex a B 
2 5  a. B a. B B B a. Ct 60  B B a. a B (X B et 
26 a. B B a. Ct a B f3 61 B B a a B B (X a. 
27 a. B B et a. B Ct B 62  B B a. B a a. et B 
28 Ct B B a. Ct B B a. 63 B B a. B a a B a. 
29 a. B B Ct B Ct a. B 64 B B a. B a s a a 
3 0  a, B B Ct B Ct B et 6 5  B B Ct B B (X ct Ct 
31 a. B B a. B s a. a. 66 B B B a a. a. a. B 
32  a. B B B a. Ct a. B 67  B B B a. a. a. B a. 
3 3  a. B B B a. a. B a. 6 8  B B B a. a. B a. a. 
34 a. B B B a. B a. a. 69  B B B a. B a. a. a 
3 5  Ct B B B B a. a. Cl, 7 0  B s - B B a. a. a. a. 
Table 11. Symmetry Eigenfunctions for Eight Electrons, Oh Syrnmetry 
A lg : 4j_ = ¢1 + ¢3 + ¢8 + ¢10 + ¢12 + ¢15 + ¢19 + ¢24 + ¢26 + ¢28 
+ ¢29 + ¢35 + ¢36 + ¢42 + ¢43 + ¢45 + ¢47 + ¢52 + ¢56 
+ ¢59 + ¢61 + ¢63 + �68 + ¢70 
<f2 = ¢2  + ¢7 + ¢9 + ¢11 + ¢16 + ¢18 + ¢20 + ¢23 + ¢25 + ¢27 
+ ¢30 + ¢34 + ¢37 + ¢41 + ¢44 + ¢46 + ¢48 + ¢51 + ¢53 
+ ¢55 + ¢60 + ¢62 + ¢64 + ¢69 
�3 = ¢4 + ¢14 + ¢22 + ¢32 + ¢39 + ¢49 + ¢57 + ¢67 
�4 = ¢5 + ¢13 + ¢33 + ¢38 + ¢58 + ¢66 
o/5 = ¢6 + ¢17 + ¢31 + ¢40 + ¢54 + ¢65 
'1'6 = ¢21 + ¢51 
Alu : o/7 = ¢1 - ¢3 - ¢8 .+ ¢10 - ¢12 + ¢15 - ¢19 + ¢24 - ¢26 + ¢28 
+ ¢29 - ¢35 - ¢36 + ¢42 + ¢"43 - ¢45 + ¢47 - ¢52 + ¢56 
. - ¢59 + ¢61 - ¢63 - ¢68 + ¢70 
A2u : o/8 = ¢2 - ¢7 - ¢9 + ¢11 + ¢16 + ¢18 + ¢20 + ¢23 + ¢25 + ¢27 
-¢30 + ¢34 - ¢37 + ¢41 - ¢44 - ¢46 - ¢48 - ¢51 - ¢53 
-¢55 - ¢60 + ¢62 + ¢64 - ¢69 
Table 11 continued. 
'1'9 = ¢4. - ¢14 + ¢22 + ¢32 - ¢39 - ¢49 + ¢57 - ¢67 
lf'10 = ¢21 - ¢50 
Eg : f11 = - ¢1 - ¢3 + 2¢8 + �¢10 - ¢12 - ¢15 - ¢19 - ¢24 - ¢26 
+2¢28 - ¢29 + 2¢35 + 2¢36 - ¢42 + 
2¢43 - ¢45 - ¢47 
- ¢52 - ¢56 - ¢59 + 2¢61 + 2¢63 - ¢68 - ¢71 
�12 = - ¢1 + 2¢3 - ¢8 - ¢10 - ¢12 + 
2¢15 + 2¢19 - ¢24 - ¢26 
66 
- ¢28 + 2¢29 - ¢35 - ¢36 + 
2¢42 - ¢43 - ¢45 - ¢47 + 2¢52 
+ 2¢56 - ¢59 - ¢61 - ¢63 + 2¢68 - ¢70 
�13 = 2¢2 - ¢7 + 2¢9 - ¢11 - ¢16 - ¢18 - ¢20 - ¢23 + 
2¢25 
+ 2¢27 - ¢30 - ¢34 - ¢37 - ¢41 + 
2¢44 + 2¢46 - ¢48 
- ¢51 - ·¢53 - _ ¢55 - ¢60 + 2¢62 - ¢64 + 
2¢69 
f14 = - ¢2 - ¢7 - ¢9 - ¢11 - ¢16 + 
2¢18 + 2¢20 - ¢23 - ¢25 
- ¢27 + 2¢30 ·+ 2¢34 + 2¢37 + 2¢41 - ¢44 - ¢46 - ¢48 
+ 2¢51 + 2¢53 - ¢55 -_ ¢60 - ¢62 - ¢64 - ¢69 
f15 = 2¢5 - ¢13 - ¢33 - ¢38 - ¢58 + 2¢66 
�16 = - ¢5 - _ ¢13 + 2¢33 + 2¢38 - ¢58 - ¢66 
�17 = 2¢6 - ¢17 - ¢31 - ¢40 - ¢54 + 2¢65 
� Table 11 continued. 
Eu
: 
'r'19 = ¢1· - ¢3 + 
2¢8 - 2¢10 - ¢12 + ¢15 - ¢19 + ¢24 - ¢26 
F .  : J..g 
1 
- 2¢28 + ¢29 + 2¢35 + 2¢36 + ¢42 - 2¢43 - ¢45 + ¢47 
- ¢52 + ¢56 - ¢59 - 2¢61 + 2¢63 - ¢68 + ¢70 
r20 = -
2¢i - ¢3 - ¢s + ¢10+ 2¢ 12 + ¢15- ¢ 19 - 2¢24 + 2¢26 
+ ¢28 + ¢29 - ¢35 - ¢36 + ¢42 + ¢43 + 2¢45 - 2¢47 - ¢52 + ¢56 + 2¢59 + ¢61 - ¢63 - ¢65 - 2¢70 
l/'21 = -
2¢2 - ¢7 + 
2¢9 + ¢11 + ¢16 + ¢18 + ¢20 + ¢23 - 2¢25 
- 2¢27 - ¢30 + ¢34 - ¢37 
+ ¢41 + 2¢44 + 2¢46 - ¢48 - ¢51 
- ¢53 - ¢55 - ¢60 -
2¢62 +. ¢64 + 
2¢69 
4'22 = - ¢2 + ¢7 + ¢9 . - ¢11 - ¢16 + 
2¢18 + 2¢20 - ¢23 - ¢25 
- ¢27 -
2¢30 + 2¢34 - 2¢37 + 2¢41 + ¢44 + ¢46 + ¢48 
- 2¢51 - 2¢53 + ¢55 + ¢60 - ¢62 - ¢64 + ¢69 
'1'23 = - ¢1 + 
2¢3 + ¢3 - ¢10 + ¢12 - 2¢15 - ¢24 - ¢26 + ¢28 
+ ¢35 - ¢36 - ¢43 + ¢45 + ¢47 + 
2¢56 - ¢59 + ¢61 - ¢63 
- 2¢68 + ¢70 
, . 
68 
Table 11 continued. 
'¥24 = - ¢1 + ¢3 + 
2¢8 - ¢12 - ¢15 � ¢19 + ¢24 - ¢26 + 
2¢28 
- ¢29 + ¢42 - 2¢43 + ¢45 - ¢47 + ¢52 + ¢56 + ¢59 � 2¢63 . 
- ¢68 + ¢70 
o/25 = - ¢1 - ¢3 + 
2¢10 - ¢12 + ¢15 + ¢19 + ¢24 - ¢26 + ¢29 
- 2¢35 + 2¢36 - ¢42 + ¢45 - ¢47 - ¢52 - ¢56 + ¢59 -
2¢61 + ¢68 + ¢70 
4'26 = - ¢2  + 
2¢7 - ¢9 + ¢16 - ¢18 - ¢20 + ¢25 - ¢27 - ¢30 + ¢34 
- ¢37 + ¢41 + ¢44 - ¢46 + ¢51 + ¢53 - 2¢55 + ¢62 - 2¢64 + ¢69 
¥1z7 = - ¢2 - ¢9 + 2¢11 + ¢18 + ¢20 - 2¢23 + ¢25 - ¢27 + ¢30 
- ¢34 + ¢37 - .¢41 + ¢44 - ¢46 + 2¢43 - ¢51 - ¢53 - 2¢60 + ¢62 + ¢69 
o/28 = ¢2 - ¢7 - ¢9 + ¢11 - ¢16 + 
2¢18 - ¢23 - ¢25 - ¢27 + 2¢30 
- 2¢41 + ¢44 + ¢46 + ¢43 -
2¢53 + ¢55 - ¢60 + ¢62 + ¢64 
- ¢69 
Ii u
: r29 = 2¢1 + ¢3 + ¢8 - ¢10 + ¢15 + ¢19 - 2¢26 - ¢2s - ¢29 - ¢35 + ¢36 + ¢42 + ¢43 + 2¢45 - ¢52 - ¢56 '. ¢61 - ¢63 - ¢68 
- 2¢70 
� Table 11 continued. 
f30 = ¢1 + 2¢3 + ¢8 + ¢10 + ¢12 + 2¢15 + ¢24 - ¢26 - ¢28 + ¢35 
- ¢36 + ¢43 + ¢45 - ¢47 - 2¢56 - ¢59 - ¢61 - ¢63 - 2¢68 
- • ¢70 
�31 = ¢1 + ¢3 + 2¢s - ¢12 + ¢15 - _ ¢19 - ¢24 - ¢26 - 2¢28 + ¢29 
- ¢42 + 2¢43 + ¢45 + ¢47 + ¢52 - ¢56 + ¢59 -




¢2 - ¢7 + 2¢9 + ¢11 + ¢16 - ¢18 + ¢20 - ¢23 -
2¢27 + ¢30 
- ¢Y+ - ¢37 + ¢41 + 2¢44 - 4¢46 - ¢43 + ¢51 - ¢53 + ¢55 
+ ¢60 - 2¢62 - ¢64 
�3 = - ¢7 -
2¢9 + ¢11 + ¢16 - ¢18 + ¢20 - ¢23 -
4¢25 + 2¢27 
+ ¢30 - ¢34 - ¢37 + ¢41 - ·
2¢44 - ¢48 + ¢51 - ¢53 + ¢55 
+ ¢60 + 2¢62 · _ ¢64 + 4¢69 
f
y, 
= ¢2 + 2¢7 - ¢9 + 
4¢11 - 2¢16 - ¢18 - ¢20 - ¢25 + ¢27 + ¢30 
+ ¢34 + ¢37 + ¢4{ + ¢44 - ¢46 
- 4¢4g - ¢51 - ¢53 + 2¢55 
- ¢62 -
2¢64 + ¢69 
'V35 = ¢2 - 2¢7 - ¢9 + 
2¢16 - ¢18 - ¢20 -
4¢23 - ¢25 + ¢27 + ¢30 
+ ¢34 + ¢37 + ¢41 + ¢44 - ¢46 - ¢51 - ¢53 -
2¢55 + 4¢60 
- ¢62 + 
2¢64 + ¢69 
, . . 
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Table 11 continued. 
4'36 = - 2¢2 + ¢7 - ¢11 - ¢16 - ¢18 + ¢20 + ¢23 -
2¢25 + ¢30 
- ¢34 - ¢37 + ¢41 -
4¢44 + 2¢46 + ¢48 + ¢51 - ¢53 - ¢55 
- ·¢60 + 4¢62 + ¢64 + 2¢69 
f37 = - ¢2 + 4¢7 + ¢9 + 2¢11 - 4¢16 - ¢18 - _¢20 + 
2¢23 + ¢25 
- ¢27 + ¢30 + ¢34 + ¢37 + ¢41 - ¢44 + ¢46 - 2¢48 - ¢51 
- ¢53 - 2¢60 + ¢62 - ¢69 
�8 = - ¢4 + ¢14 - ¢22 + 3¢32 - 3¢39 + ¢49 - ¢57 + ¢67 
o/39 = ¢4 + 3¢14 + ¢22 + ¢32 - ¢39 - ¢49 - 3¢57 - ¢67 
'P40 = 3¢4 + ¢14 - ¢22 - ¢32 + ¢39 + ¢49 - ¢57 -
3¢67 
o/41 = ¢5 - ¢66 
o/42 = ¢33 - P38 
f43 � ¢13 - ¢58 
F 2g : lf44 = 
4¢1 + ¢3 + ¢g + ¢10 � 
2¢12 - ¢15 + ¢19 -
2¢24 + 4¢26 
+ ¢28 + ¢29 - ¢35 + ¢36 - ¢42 - ¢43 
- 2¢47 - ¢5? + ¢56 
� 2¢59 - ¢61 - ¢63 - ¢68 
�45 = ¢1 + 
4¢3 - ¢s + ¢10 - ¢12 -
2¢19 + ¢24 + ¢26 - ¢2s -
2¢29 
- ¢35 + ¢36 -
2¢42 + ¢43 - ¢45 - ¢47 -
2¢52 + 4¢56 + ¢59 
- ¢61 + ¢63 - ¢70 
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� Table 11 continued. 
lf46 = - ¢1 - ¢3 - 2¢8 - ¢12 + ¢15 + ¢19 + ¢24 - ¢26 -
2¢28 
. + ¢29 + 4¢35 - ¢42 - 2¢43 + ¢45 - ¢47 - ¢52 - ¢56 + ¢59 
+ 4¢61 - 2¢�3 + ¢68 + ¢70 
f47 = - 2¢1 - ¢3 + ¢8 + ¢10 + 
4¢12 + ¢15 - ¢19 -
2¢26 + ¢28 
- ¢29 - ¢35 + ¢36 + ¢42 - ¢43 - 2¢45 + 4¢47 + ¢52 - ¢56 
- ¢61 - ¢63 + ¢68 -
2¢70 
4'48 = - 2¢1 + ¢3 - ¢8 - ¢10 � ¢15 + ¢19 + 
4¢24 - 2¢26 - ¢2s 
+ ¢29 + ¢35 - ¢36 - ¢42 + ¢43 - 2¢45 - ¢52 + ¢56 + 4¢59 
+ ¢61 + ¢63 - ¢68 -
2¢70 
Y'49 = - ¢1 � ·2¢3 - ¢8 + ¢10 · + ¢
12 - 2¢15 - ¢24 - ¢26 - ¢28 
-¢35 + ¢36 + 4¢42 + ¢43 + •¢45 + ¢47 + 4¢52 - 2¢56 - ¢59 
- ¢61 + ¢63 . _  2¢68 + ¢70 
�o = ¢2 + 4¢7 + ¢9 - 2¢11 + 
4¢16 + ¢18 + ¢20 - 2¢23 - ¢25 
+ ¢27 + ¢30 - ¢34 + ¢37 - ¢41 - ¢44 + ¢46 -
2¢48 - ¢51. 
- ¢53 -2¢60 - ¢62 - ¢69 
r51 = � ¢2 - ¢9 -
2¢11 - ¢18 - ¢20 - 2¢23 + ¢25 - ¢27 - ¢30 
+ ¢34 - ¢37 + ¢41 + ¢44 - ¢46 -
2¢4g + ¢51 + ¢53 + 4¢55 
- 2¢60 + ¢62 + 
4¢64 + ¢69 
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Table 11 continued. 
�2 = - .
2¢2 + ¢7 + 
4¢9 + ¢11 + ¢16 + ¢18 - ¢20 - ¢23 -
2¢25 
+ 4¢27 + ¢30 + ¢34 - ¢37 -. 
¢41 - 2¢46 + ¢48 + ¢51 - ¢53 
� ¢55 - ¢60 - ¢64 - 2¢69 
o/53 = - ¢2 + ¢7 + ¢9 - ¢11 + ¢16 + 4¢18 -
2¢20 +· ¢23 + ¢25 
+ ¢27 + 
4¢30 - 2¢34 - 2¢37 - ¢44 - ¢46 - . ¢48 - 2¢51 
- ¢55 + ¢60 - ¢62 - ¢64 + ¢69 
�
.54 
= ¢2 - ¢7 - ¢9 + ¢11 - ¢16 - 2¢20 � ¢23 - ¢25 - ¢27 -
2¢Y+ 
- 2¢37 + 4¢41 + ¢44 + ¢46 + ¢48 - 2¢51 + 
4¢53 + ¢55 - ¢60 
+ ¢62 + ¢64 - ¢69 
f.55 = - ¢2 - ¢7 + ¢9 + ¢11 - ¢16 - 2¢18 - ¢23 + ¢25 + ¢27 
. - 2¢30 + 4¢34 � 2¢41 - ¢44 - ¢46 + ¢48 + 
4¢51 - 2¢53 
+ ¢55 - ¢60 · - ¢62 + ¢64 + ¢69 
4'56 = 3¢4 - ¢14 - ¢22 - ¢32 - ¢39 - ¢49 - ¢57 + 
3¢67 
�57 = - ¢4 + 
3¢14 - ¢2; � ¢32 - ¢39 - ¢49 + 
3¢57 - ¢67 
�58 = - ¢4 ·_ ¢14 - ¢22 + 
3¢32 + 3¢39 - ¢49 - ¢57 - ¢67 
4'59 = . ¢6 - ¢65 
lf'6o = ¢31 - ¢40 
'r'61 = ¢17 - ¢54 
Table 11 continued. 
F2u :  4'62 = - ¢1 + 
4¢3 - ¢8 - ¢10 - ¢12 -
2¢19 - ¢24 + ¢26 + ¢28 
+ 2¢29 - ¢35 + ¢36 + 2¢42 - ¢43 - ¢45 + ¢47 -
2¢52 
- 4¢56 + ¢59 + ¢61 + ¢63 + ¢70 
f63 = ¢1 + ¢8 + ¢10 + ¢12 - 4¢15 -
2¢19 + ¢24 - ¢26 - ¢28 
+ 2¢29 + ¢35 - ¢36 + 2¢42 + ¢43 + ¢45 - ¢47 -
2¢52 
- ¢59 - ¢61 - ¢63 + 4¢68 - ¢70 
l/164 = ¢1 + ¢3 + 
2¢10 - ¢12 + ¢15 - ¢19 - ¢24 - ¢26 + ¢29 
. -
2¢35 - 2¢36 - ¢42 - 4¢43 + ¢45 + ¢47 + ¢52 - ¢56 
+ ¢59 + 
2¢61 + 4¢63 - ¢68 - ¢70 
�5 = - ¢1 + ¢3 + 
2¢8 + ¢12 + ¢15 - ¢19 + ¢24 + ¢26 - 2¢28 
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+ ¢29 - 4¢35 .  - ¢42 -
2¢43 - ¢45 - ¢47 + ¢52 - ¢56 - ¢59 
+ 4¢61 + 
2¢63 - ¢68 + ¢70 
i6 = 
2¢1 + ¢3 - ¢8 + ¢10 + ¢15 + ¢19 - 4¢24 -
2¢26 + ¢28 � ¢29 
+ ¢35 - ¢36 + ¢42 - ¢43 -
2¢45 - ¢52 - ¢56 + 4¢59 - ¢61 
+ ¢63 - ¢68 + 
2¢70 
�7 = � ¢1 -
2¢3 + ¢8 + ¢10 - ¢12 + 
2¢15 +· 4¢19 - ¢24 + ¢26 
- ¢28 - 4¢29 + ¢35 - ¢36 + ¢43 - ¢45 + ¢47 + 
2¢56 + ¢59 
- ¢61 - ¢63 
2¢68 + , ¢70 
Table 11 continued . 
o/68 = - . ¢2 + ¢9 + 
2¢11 + ¢18 + ¢20 - 2¢23 + ¢25 - ¢27 - ¢30 
- ¢34 - ¢37 - ¢41 - ¢44 + ¢46 - 2¢48 + ¢51 + ¢53 + 2¢60 
+ ¢62 - ¢69 
lf'69 = ¢2 + ¢7 + ¢9 + ¢11 - ¢16 + 
2¢18 - ¢23 - ¢25 - ¢27 - 2¢30 
- 2¢41 - ¢44 - ¢46 - ¢48 + 2¢53 - ¢55 + ¢60 + ¢62 + ¢64 
+ ¢69 
l/"70 = - ¢2 + ¢7 - ¢9 + ¢11 - ¢16 + 
2¢20 - ¢23 + ¢25 + ¢27 
- 2¢34 -
2¢37 + ¢44 + ¢46 - ¢48 + 2¢51 - ¢55 + ¢60 - ¢62 
+ ¢64 - ¢69 
Table 12 . s2 �igenfunctions for Eight Electrons , Oh Symmetry 
. . . . . . . . . 
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0 
f; = .- l/11 + 21f'4 + 2 o/5 • • • • • • • • • • • • • • • • • • O 
lf; = � - 2</'2 + 2 4'5 + 6 '1!6 • • • • • • • • • • • • • • • o 
<1'4 = -'Pl + tp 2 - 2\f-' 4 + 64'6 • • • • • • • 
CV.5 = 4'1 + 'f 2 - 6'¥3 - 6f 4 + sf5 . - 6YJ6 • • 
. . . . . . . 
. . . . . . . . . 
6 
6 
. . . . . . . . . . • • 20 
.A lu : r; = <f'7 • • • • • • • • • • • • • • • • • • • • • • • • • 0 
.A2u lf's = 2lfg - 3f9 - 6 fl0 • • • • • • • • • • • • • • • • • • 2 
lf'9 = lf'9 - 2V\o • • • • • • " • · • • • • • 
'f'{o = <f's + \/-'9 + 2f10 • • • • • • • 
. . . . . . 2 
• • • • • 12 
E
g f{1 = �13 + �14 _. �15 - f16 + Y17 + l\-118 • · • • • • • • • • O 
E u 
fi2 = �11 + o/12 + r1s + 4'16 + r17 + �1s • • • • • • • • • 0 
'f{3 = f11 + 4'12 -
2o/15 - 2f16 - 2tt'17 - 2'Pl8 • • 
't'{4 = 'f'13 + 'f 14 + 24'15 + 2�16 - 2¥117 - 2o/18 
. . . . . 
. . . . . 
l/'{5 = lf'21 • . • • • • • • • • • • • 
lf {
6 = 4'19 
. . . • • . • • • . . • . . . • 
. . . . . . . . 





• • • . • • • • • • . • . • • • . • . • 2 
I . . . . . . . . . . . . . . . . . . . . . . . . . 2 
Table 12 continued. 
s2 
Flu 
4'{9**  = _ lf/38 + '+'40 + 4�43 • • • • • • •  • • • •  • • . . . . 2 
'f'�o**  =. lfl29 - 'P30 - lf31 + 'f'34 - '1'35 • • • 
\f'�l * *  = -tf'34 + l/' 35 + S lJ' 43 • • • • • • • • 
'+'�2 = lf'32 + l/'36 • • • • • • • • • 




. . 2 
. . 2 
. . 6 
+ 8\f' 4 3 . . . . . . . . . . . . . . . . . . . . . . . . 12 
F 2g 4';4 = l/'41+ - 4'45 + 4'4g + 4'49 - lf 53 - l/154 + 2'+'56. + 2lf57 O 
F2u 
l/'�5 * *  = -lf50 + 't' 51 - t/J54 - 4'55 + Blf'59 • • • • • • • • • • 2 
'1';6**  = - 2'f'44 - 21/147 + 'f50 - lf51 + �.54 + Y'55 + B 'f59 2 
'f-';7 **  = f53 .+ lV54 + 2f56 + 24'57 • • • • • • • • • • • • • • 6 




• • • • • • • • • • 
'1';9 = '1'44 + \f47 + 'f 50 - lJ/51 + o/54 + lf'55 + 
411-'59 . . . 
'1'30 = - o/62 - '1'64 + lf 65 + 2'¥66 - o/67 - 2'f'69 + 24'70 . 
�sl = - </'63 + <f67 
. .. . . . . . . . . . . • . . . . . 
'1'32 = - 'f-'62 - 'f'64 + 'f 65 + 
2 o/66 - lf-'67 + o/69 - 'f 70 
6 
• • •  12 
. . . . 0 
. . . 2 
. . . 6 
**The se eigenfunctions have not been orthogonalized.  
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The next part of the problem is to form s
2 
eigenfunctions by 
creating linear combinations of the symmetry eigenfunctions . The E 
and F representations are doubly and triply degenerate respectively; 
therefore, the E representations will have two equivalent sets of 
s
2 eigenfunct�ons and the F representations will have three sets. 
Only one set need be calculated for each representation. The s
2 
eigenfunctions are listed in table 12. 
The eigenfunctions of zero s
2 
eigenvalue are used to form the 
_secular equations from which the possible ground state energy levels 
are obtained. The secular determinant for the Alg 
r epresentation 
was found to be extremely difficult to solve when the exchange 
integrals remain as symbols; therefore, when one wishes to evaluate · 
these levels, it is recommended that the exchange integrals be 
evaluated first and then the determinant. Q is a coulombic integral. 
�, & ,  and E are nearest neighbor, second nearest neighbor, and third 
nearest neighbor single e�change integrals. Multiple exchange inte­
grals have been set to zero. 
The energy level express ions are as follows: 
1.153A -2.57A 
1. 153A Q+J. 33�-10.676-.67£ -E 1. 50B = 0 
-2. 57A 
Where A =  (o-€) 
1 . 50B Q-5. 33�-5 . 33J+2. 66!-E 
and B = (� -U+E) 
Alu E = Q-6�-2€ 
E E = Q-2�-4S-2c 
E = Q -6 0-2€ 
F2u E = Q-Z'a---4o-2£ 
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Conclusion 
An ear ly criticism of the valence bond method was that it did 
not allow for electron transfer. On the other hand, the molecular 
orbital method always did. Each electron in a molecular orbital 
moves over · the atoms contributing to the orbital without regard for 
the positions of other valence. electrons. This thesis s tudies single 
electron transfer spin states and includes them in the calculations. 
The tetrahedral skeleton is considered in detail and the importance 
of the transfer states established. 
Several  approximations were made in evaluating the pertinent 
integrals. (a) The exponent in Slater's atomic orbitals was taken 
to be the same for the boron atom and ion. (b) The coulombic inte­
gral wa_s taken to be constant for all atom-atom distances·. ( c) 
Electron correlation effects were neglected. (d) Effects of neither 
the peripheral atoms nor the inner orbitals were considered, except 
insofar as they affect the Slater parameters.  
· Multiple exchange integrals were estimated and included in the 
calculations. They do have a noticeable effect on the energy levels. 
Maximum bonding among four boron 2s orbitals arranged at the 
corners of a tetrahedron occurred when the boron nuclei were 2. 05 
X apart. The calculated bonding energy was then 29.2ev. Maximum 
bonding among four boron 2p orbitals similarly arranged occurred when 
the boron nuclei were around 1.8 A apart. The calculated bonding 
e nergy was then 2J. 6ev. In both cas es E representations were involved, · 
so some Jahn-Teller distortion would probably occur. The total 
bonding energy, assuming no exchange between the s and p orbitals, 
0 
is about 52ev with B-B distances about 1. 95 A .  
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Other authors have made measurements and calculations on several 





crystal has been found to be approximately 1. 7 angstroms
36 • 
A molecular orbital calculation on the B4
H
4 
molecule yielded a stable. 
molecule37 by 11. ?ev when compared to four BH molecules. 
There is a large discrepancy between the bonding energy found 
in this thesis and that found by Palke and Lipscomb. Also, con­
sidering the bonding energies of the more common bonds3
8
, one might 
expect a value of lOev to 30ev for the bonding energy in the boron 
tetrahedron. The fault causing the exceedingly large bonding 
energies is not readily apparent. Further study into this matter is 
needed . 
Electron transfer clearly needs to be included in the other 
valence bond c alculation·s where no bonding was found. Examples 
include the octahedron, the cube, and the eight-orbital tetrahedral 
structure. 
36M. Atoji and W. Lipscomb, J. · Chem. Phys. , 21, _ 172 (1953). 
37w. Palke and W. Lipscomb, J. Chem. Phys. , 45, 3945 (1966). 
J8G .  H. Duffey, .21?.!- cit. , pp. 178. 
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For the last- structure, a number of reducible representations 
had equivalent decompositions. The procedure for exploiting the 
sYITJ11letry between such equivalent representations could be formalized. 
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